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A NOTE ON LINEAR RESOLUTION AND POLYMATROIDAL IDEALS
AMIR MAFI AND DLER NADERI
Abstract. Let R = K[x1, ..., xn] be the polynomial ring in n variables over a field K
and I be a monomial ideal generated in degree d. Bandari and Herzog conjectured that
a monomial ideal I is polymatroidal if and only if all its monomial localizations have a
linear resolution. In this paper we give an affirmative answer to the conjecture in the
following cases: (i) height(I) = n − 1; (ii) I contains at least n − 3 pure powers of the
variables xd1, ..., x
d
n−3; (iii) I is a monomial ideal in at most four variables.
Introduction
Throughout this paper we assume that R = K[x1, ..., xn] is the polynomial ring in n
variables over a field K, m = (x1, ..., xn) the unique homogeneous maximal ideal, and I
a monomial ideal. We denote by G(I) the unique minimal set of monomial generators of
I. A polymatroidal ideal is a monomial ideal, generated in a single degree, satisfying the
following conditions: For all monomials u, v ∈ G(I) with degxi(u) > degxi(v), there exists
an index j such that degxj(v) > degxj(u) and xj(u/xi) ∈ I (see [6] or [7]). A squarefree
polymatroidal ideal is called a matroidal ideal.
Three general properties of polymatroidal ideals are crucial: (i) all powers of polyma-
troidal ideals are again polymatroidal [3, Theorem 5.3], (ii) polymatroidal ideals have
linear quotients [10, Lemma 1.3], which implies that they have linear resolutions, (iii)
localizations of polymatroidal ideals at monomial prime ideals are again polymatroidal
[9, Corollary 3.2]. The monomial localization of a monomial ideal I with respect to a
monomial prime ideal p is the monomial ideal I(p) which obtained from I by substitut-
ing the variables xi /∈ p by 1. The monomial localization I(p) can also be described as
the saturation I : (
∏
xi /∈p xi)
∞ and when I is a squarefree monomial ideal we see that
I(p) = I : (
∏
xi /∈p xi). Also, we denote by R(p) the polynomial ring over K in the variables
which belong to p and we denote mp the graded maximal ideal of R(p).
Bandari and Herzog [1, Conjecture 2.9] conjectured that the monomial ideals with
the property that all monomial localizations have a linear resolution are precisely the
polymatroidal ideal. They gave an affirmative answer to the conjecture in the following
cases: (i) I is a squarefree monomial ideal; (ii) I is generated in degree 2; (iii) I contains
at least n− 1 pure powers; (iv) I is a monomial ideal in at most three variables; (v) I has
no embedded prime ideal and height(I) = n− 1.
Herzog, Hibi and Zheng [8, Theorem 3.2] proved that if I is a monomial ideal generated
in degree 2, then I has a linear resolution if and only if each power of I has a linear
resolution. Sturmfels [13] gave an example I = (def, cef, cdf, cde, bef, bcd, acf, ade) with
I has a linear resolution while I2 has no linear resolution (see also [2]). This suggests
the following question: Is it true that each power of I has a linear resolution, if I is a
squarefree monomial ideal of degree d with Ik has a linear resolution for all 1 ≤ k ≤ d−1?
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In this paper we give a counterexample to this question and also we give an affirmative
answer to Bandari-Herzog’s conjecture in the following cases: (i) height(I) = n− 1; (ii) I
contains at least n − 3 pure powers of the variables xd1, ..., x
d
n−3; (iii) I is monomial ideal
in at most four variables.
For any unexplained notion or terminology, we refer the reader to [7]. Several explicit
examples were performed with help of the computer algebra systems Macaulay2 [5].
1. Monomial localizations of polymatroidal ideals
It is known that if I ⊂ R is an m-primary monomial ideal which has a linear resolution,
then there exists a positive integer k such that I = mk. Also, it is known that I = uJ ,
where u is the greatest common divisor of the generator of I, is a linear resolution if and
only if J a linear resolution. Hence if I ⊂ R = K[x1, x2] is a linear resolution, then I
is principal ideal or I = uJ . If I = uJ , then J has a linear resolution and m-primary
monomial ideal. Thus if I is principal or I = uJ , then I is a polymatroidal ideal. Hence
I ⊂ R = K[x1, x2] is polymatroidal if and only if I is a linear resolution.
For a monomial ideal I of R and G(I) = {u1, ..., ut}, we set supp(I) = ∪
t
i=1 supp(ui),
where supp(u) = {xi : u = x
a1
1 ...x
an
n , ai 6= 0} and we set gcd(I) = gcd(u1, ..., um). We say
that the monomial ideal I is full-supported if supp(I) = {x1, ..., xn}.
In the sequel we recall the following definitions from [14, Definition 8], [12, Definition
2.5] and [1, Definition 2.3].
Definition 1.1. Let I ⊂ R be a monomial ideal and let xt[i] denote the monomial
xt11 ...x̂
ti
i ...x
tn
n , where the term x
ti
i of x
t is omitted. For each i = 1, ..., n, we put I[i] =
(I : x∞i ).
Definition 1.2. Let d, a1, ..., an be positive integers. We put I(d;a1,...,an) ⊂ R be the
monomial ideal generated by the monomials u ∈ R of degree d satisfying degxi(u) ≤ ai for
all i = 1, ..., n. Monomial ideals of this type are called ideals of Veronese type. Monomial
ideals of Veronese type are polymatroidal.
Lemma 1.3. Let I ⊂ R = K[x1, x2, x3] be a squarefree monomial ideal. Then I has a
linear resolution if and only if I is a matroidal ideal.
Proof. If I is a matroidal ideal, then it is clear I has a linear resolution. Conversely,
suppose I has a linear resolution and as above explanation we can assume that gcd(I) = 1.
Therefore height(I) ≥ 2 and so height(I[i]) ≥ 2 for i = 1, 2, 3. Thus I[1] = (x2, x3),
I[2] = (x1, x3) and I[3] = (x1, x2) and so by [1, Proposition 2.11], I is a squarefree
Veronese type ideal. 
The following example shows that the squarefree condition over I in Lemma 1.3 is
essential. For its proof we use the following well-known fact: a monomial ideal I of degree
d is a linear resolution if and only if reg(I) = d.
Example 1.4. Let I = (x1x2, x1x3, x
2
2) be an ideal of R = k[x1, x2, x3]. Then reg(I) = 2
and so I has a linear resolution but I is not polymatroidal.
The following result was proved in [1, Proposition 2.7]. We reprove with a simplified
proof.
Proposition 1.5. Let I ⊂ R = K[x1, x2, x3] be a monomial ideal. Then I is polymatroidal
if and only if I and I[i] have a linear resolution for i = 1, 2, 3.
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Proof. If I is a polymatroidal ideal, then by [1, Theorem 1.1] I[i] is polymatroidal for
i = 1, 2, 3 and so they have a linear resolution. Conversely, we can assume that gcd(I) = 1
and so height(I) ≥ 2. Thus height(I[i]) ≥ 2 and so I[i] is a Veronese ideal for i = 1, 2, 3
in polynomial ring with two variables. Therefore by [1, Proposition 2.11] I is a Veronese
type ideal. 
Following Bandari-Herzog [1], the set of monomial prime ideals of R = K[x1, ..., xn]
denote by P(R). Let p ∈ P(R) be a monomial prime ideal. Then p = pA for some subset
A ⊆ [n], where pA = {xi : i /∈ A}. From now on, throughout the article, we will denote
ai = max{degxi(u) : u ∈ G(I)} for i = 1, ..., n.
Proposition 1.6. Let I ⊂ R = K[x1, x2, x3, x4] be a squarefree monomial ideal of degree
d. Then I is matroidal if and only if I and I[i] have a linear resolution for i = 1, 2, 3, 4.
Proof. If I is a matroidal ideal, then by [1, Corollary 1.2] I[i] is matroidal for i = 1, 2, 3, 4
and so they have a linear resolution. Conversely, we can assume that gcd(I) = 1 and so
gcd(I[i]) = 1 for i = 1, 2, 3, 4. Let d ≥ 3. Since gcd(I[i]) = 1, then I[i] is a squarefree
monomial ideal in polynomial ring with three variables. Therefore, by the proof of Lemma
1.3, I[i] is a squarefree Veronese type ideal for i = 1, 2, 3, 4. Thus, in this case by using [1,
Proposition 2.11] I is a squarefree Veronese type ideal. Now, suppose that d = 2. Since
I and I[i] have a linear resolution for i = 1, 2, 3, 4 hence, for all p ∈ P(R), I(p) has a
linear resolution. Therefore by using [1, Corollary 1.2] I is matroidal. This completes the
proof. 
The following example shows that the squarefree condition over I in Proposition 1.6 is
essential.
Example 1.7. Let I = (x31, x
2
1x2, x
2
1x3, x2x3x4, x1x2x3, x1x3x4, x
2
1x4) be an ideal of R =
k[x1, x2, x3, x4]. Then I and I[i] have a linear resolution for i = 1, 2, 3, 4, while I is not
polymatroidal.
The following example shows that Proposition 1.6 can not be extend for the polynomial
ring with five variables.
Example 1.8. Let I = (x1x3x5, x1x2x3, x1x2x4, x2x3x4, x3x4x5, x2x4x5) be an ideal of
R = k[x1, x2, x3, x4, x5]. Then reg(I) = 3, I[i] is a squarefree monomial ideal of degree
2 and reg(I[i]) = 2 for i = 1, 2, 3, 4, 5. Therefore I and I[i] have a linear resolution for
i = 1, 2, 3, 4, 5, while I is not matroidal.
We recall the following definition and result of Herzog-Vladoiu [11, Theorems 1.1
and 1.3] which is useful in the sequel of this paper.
Definition 1.9. A monomial ideal I is intersection type if I is an intersection of powers of
monomial prime ideals. Also, a monomial ideal I is strong intersection type if I satisfying
the equivalent conditions of the next theorem.
Theorem 1.10. Let I be a monomial ideal of intersection type with presentation I =
∩p∈Ass(R/I)p
dp . Then the following statements hold:
(a) dp ≤ reg(I(p)) for all p ∈ Ass(R/I).
(b) dp = reg(I(p)) if and only if I(p) has a linear resolution.
In particular, I = ∩p∈Ass(R/I)p
reg(I(p)) if and only if I(p) has a linear resolution for all
p ∈ Ass(R/I).
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We need the following proposition for the next results, the proof is similar to [1, Propo-
sition 2.11].
Proposition 1.11. Let I be a monomial ideal with d-linear resolution, and assume that
I(p{i}) = p
d−ai
{i} for i = 1, ..., n. Then I = I(d;a1,...,an).
Proof. Since I is generated in degree d, we have that I ⊆ I(d;a1,...,an). Now we want to
show that I(d;a1,...,an) ⊆ I. Consider the exact sequence
0 −→ I : m∞/I −→ R/I −→ R/I : m∞ −→ 0.
Since I has a d-linear resolution, [4, Corollary 20.19] implies that (I : m∞)d = Id, and
hence (I : m∞)〈d〉 = I〈d〉 = I. Here, for any graded ideal L, we denote by L〈j〉 the
ideal generated by the jth graded component of L. Therefore it is enough to show that
I(d;a1,...,an) ⊆ (I : m
∞)〈d〉. Now let x
b1
1 ... x
bn
n ∈ G(I(d;a1,...,an)); then b1 + ... + bn = d
and bi ≤ ai for all i ∈ [n]. We claim that x
b1
1 ... x
bn
n m
s ⊆ I with s =
∑n
i=1 ai − d. Let
xc11 ... x
cn
n ∈ G(m
s). Then xb1+c11 ... x
bn+cn
n ∈ x
b1
1 ... x
bn
n m
s. If bi + ci < ai for all i, then∑n
i=1 ai = d + s =
∑n
i=1 bi +
∑n
i=1 ci <
∑n
i=1 ai, a contradiction. Hence, without loss of
generality, we may assume that b1+c1 ≥ a1, and show that x
b1+c1
1 ... x
bn+cn
n ∈ x
a1
1 p
d−a1
{1} ⊆ I.
Since b1+ c1 ≥ a1, it is enough to show that x
b2+c2
2 ... x
bn+cn
n ∈ p
d−a1
{1} . If bi + ci > d−a1 for
all i = 2, ..., n, then xb2+c22 ... x
bn+cn
n ∈ p
d−a1
{1} . So we assume bi + ci > d− a1 for i = 2, ..., t
that t ≥ 2 and bi + ci ≤ d− a1 for i = t + 1, ..., n. Since t ≥ 2, we have
t∑
i=2
d− a1 +
n∑
i=t+1
bi + ci ≥ d− a1.
This implies that
xd−a12 ... x
d−a1
t x
bt+1+ct+1
t+1 ... x
bn+cn ∈ pd−a1{1} .
Since xb2+c22 ... x
bn+cn = w(xd−a12 ... x
d−a1
t x
bt+1+ct+1
t+1 ... x
bn+cn) for some monomial w, it
follows that xb2+c22 ... x
bn+cn
n ∈ p
d−a1
{1} , as desired.
Lemma 1.12. Let I be a monomial ideal with d-linear resolution, and assume that for
all p ∈ P(R) the ideal I(p) has a linear resolution. Then I is of strong intersection type.
Proof. Consider the exact sequence
0 −→ I : m∞/I −→ R/I −→ R/I : m∞ −→ 0.
Since I : m∞/I is a finite length module, it follows that reg(I : m∞/I) = max{j :
(I : m∞/I)j 6= 0} (see [3, Lemma 1.1]). Let J be arbitrary monomial ideal with d-
linear resolution. Since J has d-linear resolution, then reg(R/J) = reg(J) − 1 = d − 1
and [4, Corollary 20.19] implies that (I : m∞)≥d = I. Thus we have I˜≥d = I, where
I˜ = (I : m∞). Since I(p) has ap-linear resolution for all p ∈ P(R) and for some integer ap,
then I˜(p)≥ap = I(p) that this equivalent to saying that I(p) = I˜(p) ∩ m
ap
p . Then by [11,
Theorem 1.1], I is of intersection type and so by Theorem 1.10, I is of strong intersection
type. 
The following result extends [1, Proposition 2.8(c)].
Proposition 1.13. Let I ⊆ R = K[x1, ..., xn] be a monomial ideal generated in degree d
and height(I) = n− 1. Then I is a Veronese type ideal if and only if for all p ∈ P(R) the
ideal I(p) has a linear resolution.
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Proof. (=⇒). This is clear by [9, Theorem 3.2].
(⇐=). Since, for all p ∈ P(R), the ideal I(p) has a linear resolution, then by Theorem
1.10, I = pd11 ∩ p
d2
2 ∩ ... ∩ p
dr
r ∩ m
d, where pi = (x1, x2, ...x̂i, ..., xn) ∈ Ass(R/I) and
di = reg(I(pi)) for i = 1, 2, ..., r. Since I(pi) = I(p{i}) = I : x
ai
i = p
d−ai
i ∩ m
d−ai = pd−aii ,
by using Proposition 1.11, I is a Veronese type ideal of the form I(d;a1,....,ai,...,an). 
By Proposition 1.13, we provide a simplified proof for [1, Proposition 2.4].
Proposition 1.14. Let I ⊆ R = K[x1, ..., xn] be a monomial ideal generated in degree d,
and suppose that I contains at least n − 1 pure powers of the variables, say xd11 , ..., x
d
n−1.
Then I is a Veronese type ideal if and only if for all p ∈ P(R) the ideal I(p) has a linear
resolution.
Proof. Since xd1, ..., x
d
n−1 ∈ I we have height(I) ≥ n − 1. Thus if height(I) = n, then
I = md and if height(I) = n − 1, then by Proposition 1.13, I is a Veronese type of the
form I(d;d,....,d,an). This completes the proof. 
Proposition 1.15. Let I ⊆ R = K[x1, x2, x3, x4] be an unmixed monomial ideal of degree
d, such that height(I) = 2. Then I(p) has a linear resolution for all p ∈ P(R) if and only
if I is a transversal polymatroidal ideal or a squarefree Veronese type ideal.
Proof. (⇐=). If I is a polymatroidal ideal, then for all p ∈ P(R) the ideal I(p) has a linear
resolution (see [9, Theorem 3.2]).
(=⇒). Let for all p ∈ P(R) the ideal I(p) has a linear resolution, by Theorem 1.10 we
have that I = pd11 ∩p
d2
2 ∩ ...∩p
dr
r such that height(pi) = 2 and di = reg(I(pi)) = deg(I(pi)).
Therefore by our hypothesis we have I = (x2, x3)
d1 ∩ (x2, x4)
d2 ∩ (x3, x4)
d3 ∩ (x1, x3)
d4 ∩
(x1, x4)
d5 ∩ (x1, x2)
d6 , with this presentation we have the following four cases.
Case(1): If exactly one of the exponent equal to zero, then, without loss of generality, we
may assume that d6 = 0. Thus I(p{3}) = (x2, x4)
d2 ∩ (x1, x4)
d5 . Since I(p{3}) is generated
in single degree then we have G((x2, x4)) ∩G((x1, x4)) = ∅, this is a contradiction.
Case(2): If exactly two of the exponents equal to zero, then, without loss of generality
we may assume that d5 = d6 = 0. Hence I(p{2}) = (x3, x4)
d3 ∩ (x1, x3)
d4 . Since I(p{2})
is generated in a single degree then we have G((x3, x4)) ∩ G((x1, x3)) = ∅, this is also a
contradiction.
Case(3): If the number of exponents that can be zero bigger than or equal to 3, then
I = pa11 ∩ p
a2
2 ∩ p
a3
3 , and so by [1, Proposition 2.8], I is a transversal polymatroidal ideal
in this case.
Case(4): If all exponents are non-zero, then I(p{1}) = (x2, x3)
d1 ∩ (x2, x4)
d2 ∩ (x3, x4)
d3 .
Therefore by [1, Proposition 2.8] we have d1 = d2 = d3 = 1 and similarly we have
d1 = ... = d6 = 1. Therefore I = (x2, x3) ∩ (x2, x4) ∩ (x3, x4) ∩ (x1, x3) ∩ (x1, x4) ∩
(x1, x2) = (x1x2x3, x1x2x4, x1x3x4, x2x3x4), which is a squarefree Veronese type ideal.
This completes the proof. 
Proposition 1.16. Let I ⊆ R = K[x1, x2, x3, x4] be a monomial ideal of degree d with no
embedded prime ideals. Then I(p) has a linear resolution for all p ∈ P(R) if and only if I
is a transversal polymatroidal ideal or a squarefree Veronese type ideal either a matroidal
ideal of degree 2.
Proof. (⇐=) immediately follows by [9, Theorem 3.2].
(=⇒). If m ∈ Ass(R/I), then I = md and the result follows in this case. Let m /∈ Ass(R/I).
If I is an unmixed ideal, then by Propositions 1.13 and 1.15 the result follows. Now,
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we assume that I is not an unmixed ideal and so we have p1, p2 ∈ Ass(R/I) such
that height(p1) = 3 and height(p2) = 2. Hence, without loss of generality we may as-
sume that p1 = (x2, x3, x4) and p2 = (x1, x3). Since I has no embedded prime ideals,
then (x2, x3), (x2, x4), (x3, x4), (x1, x2, x3), (x1, x3, x4) are not in Ass(R/I). We claim that
(x1, x4), (x1, x2) are not in Ass(R/I). Indeed, let (x1, x4) ∈ Ass(R/I). Then I(p{2}) =
(x1, x3)
a1 ∩ (x1, x4)
a2 , for some integer a1 and a2. Since I(p{2}) is generated in a sin-
gle degree then we have G((x1, x3)) ∩ G((x1, x4)) = ∅, this is a contradiction. Similarly,
(x1, x2) /∈ Ass(R/I). Therefore I = (x2, x3, x4)
d1 ∩ (x1, x3)
d2 ∩ (x1, x2, x4)
d3 and so by [1,
Proposition 2.8] I is a transversal polymatroidal ideal or a matroidal ideal of degree 2.
This completes the proof. 
Let I ⊆ R = K[x1, ..., xn] be a monomial ideal generated in degree d. Bandari-Herzog
[1, Proposition 2.8], proved that if I contains at least n− 1 pure powers of the variables,
say xd1, ..., x
d
n−1, then for all p ∈ P(R) the ideal I(p) has a linear resolution if and only if
I is a Veronese type ideal of the form I = I(d;d,d,...,d,k) for some k. The following example
shows that if I contains n − 2 pure powers of the variables, say xd1, ..., x
d
n−2 and for all
p ∈ P(R) the ideal I(p) has a linear resolution , then I is not a Veronese type ideal. In the
following proposition, with this condition, we prove that I is a polymatroidal ideal which
is a special case of Bandari-Herzog’s Conjecture [1, Conjecture 2.9].
Example 1.17. Let I = (x1, x2)
2 ∩ (x1, x2, x3)
3 ∩ (x1, x2, x4)
3 ∩ (x1, x2, x3, x4)
5 ⊆ R =
K[x1, x2, x3, x4] be a monomial ideal of degree 5. The ideal I contain 2 pure power of the
variables, x51 and x
5
2. a3 = max{degx3(w) : w ∈ G(I)} = 2, but x
2
3x
2
4x1 /∈ I. Hence I is
not a Veronese type ideal but by the following proposition I is polymatroidal.
Theorem 1.18. Let I ⊆ R = K[x1, ..., xn] be a monomial ideal generated in degree d, and
suppose that I contains at least n− 2 pure powers of the variables, say xd1, ..., x
d
n−2. Then
I is polymatroidal ideal if and only if I(p) has a linear resolution for all p ∈ P(R).
Proof. (=⇒) immediately follows by [9, Theorem 3.2].
(⇐=). Since for all p ∈ P(R) the ideal I(p) has a linear resolution, by Theorem 1.10
I = pd11 ∩ p
d2
2 ∩ ... ∩ p
dr
r , where di = reg(I(pi)) = deg(I(pi)). Since x
d
1, ..., x
d
n−2 ∈ I, then
height(I) ≥ n − 2. If height(I) ≥ n − 1, then by Proposition 1.13, I is a Veronese type
ideal. Hence, we assume that height(I) = n− 2, and we have the following presentation:
I = (x1, ...xn−2)
d1 ∩ (x1, ..., xn−2, xn−1)
d2 ∩ (x1, ..., xn−2, xn)
d3 ∩md4 .
Since for all p ∈ P(R) the ideal I(p) has a linear resolution, then I(p{n−1}) = (x1, ...xn−2)
d1∩
(x1, ..., xn−2, xn)
d3 . If (x1, ..., xn−2, xn) ∈ Ass(R/I), then d3 = deg(I(p{n−1})) = d − an−1
otherwise d3 = 0. Similarly if (x1, ..., xn−2, xn−1) ∈ Ass(R/I), then d2 = deg(I(p{n})) =
d − an otherwise d2 = 0 and also if m ∈ Ass(R/I), then d4 = d otherwise d4 = 0. Since
height(I) = n− 2, then d1 6= 0 and d1 < d2, d3. Note that u = x
r1
1 ...x
rn
n ∈ G(I) if and only
if deg(u) = d and we have the following inequalities:
(1) r1 + ... + rn−2 ≥ d1
(2) r1 + ... + rn−2 + rn−1 ≥ d2
(3) r1 + ... + rn−2 + rn ≥ d3
(4) r1 + ... + rn−2 + rn−1 + rn = d.
Let u = xr11 ...x
rn
n , v = x
s1
1 ...x
sn
n ∈ G(I) and degxi(u) > degxi(v). We want to show that
there exists a variable xj such that degxj(u) < degxj(v) and xj(u/xi) ∈ I. There are two
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cases.
Case 1: Suppose that ri > si for some i = 1, ..., n− 2. Without loss of generality, we can
assume that r1 > s1. If there exists rj < sj for some j = 2, ..., n − 2, then xj(u/x1) ∈ I,
since none of the left-hand sides of the inequalities above change, and so we have the result.
Thus we assume that rj ≥ sj for all 2 ≤ j ≤ n − 2. Since u and v have the same degree,
there exists some rj < sj with n − 1 ≤ j ≤ n. Without loss of generality, we assume
that rn−1 < sn−1. The monomial xn−1(u/x1) satisfies in all inequalities except (3). If
r1 + ...+ rn−2 + rn > d3, then all inequalities hold. If r1 + ...+ rn−2 + rn = d3 = d− an−1,
then rn−1 = an−1 and this is a contradiction.
Case 2: Suppose that ri > si for some i = n−1, n. Without loss of generality, we assume
that rn−1 > sn−1. If there exists rj < sj for some j = 1, ..., n − 2, then xj(u/xn−1) ∈ I
since none of the left-hand sides of the inequalities above change, and we have the result.
Suppose that rj ≥ sj for all j = 1, ..., n − 2. Thus we can assume that rn < sn. The
monomial xn(u/xn−1) satisfies in all inequalities except (2). If r1 + ...+ rn−2 + rn−1 > d2,
then xn(u/xn−1) ∈ I, and we have the result. If r1 + ...+ rn−2 + rn−1 = d2 = d− an, then
rn = an and this is a contradiction. This completes the proof. 
Proposition 1.19. Let I ⊆ R = K[x1, x2, x3, x4] be a monomial ideal of degree d. Then
I is polymatroidal ideal if and only if I(p) has a linear resolution for all p ∈ P(R).
Proof. (=⇒) immediately follows by [9, Theorem 3.2].
(⇐=). Since for all p ∈ P(R) the ideal I(p) has a linear resolution, by Theorem 1.10
I = pd11 ∩ p
d2
2 ∩ ... ∩ p
dr
r , such that di = reg(I(pi)) = deg(I(pi)). We can assume that
height(I) ≥ 2. If height(I) ≥ 3, then by Proposition 1.13, I is a Veronese type ideal. Thus
we assume that height(I) = 2, and we have the following presentation:
I = (x2, x3)
d1 ∩ (x2, x4)
d2 ∩ (x3, x4)
d3 ∩ (x1, x3)
d4 ∩ (x1, x4)
d5 ∩ (x1, x2)
d6
∩ (x2, x3, x4)
d7 ∩ (x1, x3, x4)
d8 ∩ (x1, x2, x4)
d9 ∩ (x1, x2, x3)
d10
∩md11 .
Since for all p ∈ P(R) the ideal I(p) has a linear resolution, then
I(p{1}) = (x2, x3)
d1 ∩ (x2, x4)
d2 ∩ (x3, x4)
d3 ∩ (x2, x3, x4)
d7 .
If (x2, x3, x4) ∈ Ass(R/I), then d7 = deg(I(p{1})) = d − a1 otherwise d7 = 0, similarly if
(x1, x3, x4) ∈ Ass(R/I), then d8 = deg(I(p{2})) = d− a2 otherwise d8 = 0, if (x1, x2, x4) ∈
Ass(R/I), then d9 = deg(I(p{3})) = d − a3 otherwise d9 = 0, if (x1, x2, x3) ∈ Ass(S/I),
then d10 = deg(I(p{4})) = d − a4, otherwise d10 = 0 and if m ∈ Ass(R/I), then d11 = d
otherwise d11 = 0. Note that u = x
r1
1 x
r2
2 x
r3
3 x
r4
4 ∈ G(I) if and only if deg(u) = d and we
have the following inequalities:
(1) r2 + r3 ≥ d1 (5) r1 + r3 ≥ d4 (8) r1 + r2 ≥ d6
(2) r2 + r4 ≥ d2 (6) r1 + r4 ≥ d5 (9)r1 + r2 + r4 ≥ d9
(3) r3 + r4 ≥ d3 (7)r1 + r3 + r4 ≥ d8 (10)r1 + r2 + r3 ≥ d10.
(4)r2 + r3 + r4 ≥ d7
Let u = xr11 x
r2
2 x
r3
3 x
r4
4 , v = x
s1
1 x
s2
2 x
s3
3 x
s4
4 ∈ G(I) with degxi(u) > degxi(v). We want to show
that there exists variable xj such that degxj (u) < degxj (v) and xj(u/xi) ∈ I. Without
loss of generality, we assume that r1 > s1. There are three main cases.
Case 1: If r2 < s2, r3 ≥ s3 and r4 ≥ s4, then x2(u/x1) satisfies in all inequalities except
(5), (6) and (7). If r1 + r3 > d4, r1 + r4 > d5 and r1 + r3 + r4 > d8, then x2(u/x1) ∈ I
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since none of the left-hand sides of the inequalities above change. Indeed, if r1 + r3 6> d4,
then
r1 + r3 = d4 ≤ s1 + s3
that this is a contradiction since r1 > s1 and r3 ≥ s3. Similarly, r1 + r4 > d5 and also
r1 + r3 + r4 > d8. Therefore x2(u/x1) ∈ I.
Case 2: Suppose r2 < s2, r3 < s3 and r4 ≥ s4. Without loss of generality, we assume
that x3(u/x1) /∈ I, we claim that x2(u/x1) ∈ I. If r4 = a4 then w = u : x
a4
4 = x
r1
1 x
r2
2 x
r3
3 ∈
G(I : xa44 ). Since v : x
a4
4 = x
s1
1 x
s2
2 x
s3
3 ∈ I : x
a4
4 , there exist z = x
t1
1 x
t2
2 x
t3
3 ∈ G(I : x
a4
4 )
such that z|v : xa44 . Since I : x
a4
4 is polymatroidal, r1 > s1 ≥ t1, deg(z) = deg(w) and
x3(u/x1) /∈ I, it follows x2(w/x1) ∈ I : x
a4
4 and so x2(u/x1) ∈ I. Now, we assume that
r4 < a4 and we will prove the claim.
Since x3(u/x1) satisfies in all inequalities except (6), (8) and (9), it follows r1 + r4 = d5
or r1 + r2 = d6 or r1 + r2 + r4 = d− a3. If r1 + r4 6> d5, then
r1 + r4 = d5 ≤ s1 + s4
and this is a contradiction because by our hypothesis r1 > s1 and r4 ≥ s4. If r1+r2+r4 =
d− a3, then r3 = a3 ≥ s3 and this is a contradiction with r3 < s3. Hence if x3(u/x1) /∈ I,
then we have r1+r2 = d6. In order to prove the claim, we assume by contrary x2(u/x1) /∈ I.
The monomial x2(u/x1) satisfies in all inequalities except (5), (6) and (7). If r1 + r3 > d4,
r1 + r4 > d5 and r1 + r3 + r4 > d − a2, then x2(u/x1) ∈ I because all inequalities holds.
Since r1 > s1 and r4 ≥ s4 then we have r1 + r4 > s1 + s4 ≥ d5 and so we have (6). If
r1 + r3 + r4 = d − a2, then r2 = a2 ≥ s2 and this is a contradiction and so we have (7).
Hence if x2(u/x1) /∈ I, then we have r1 + r3 = d4. Since u : x
a4
4 = x
r1
1 x
r2
2 x
r3
3 ∈ I : x
a4
4 ,
there exists z = xt11 x
t2
2 x
t3
3 ∈ G(I : x
a4
4 ) such that z|u : x
a4
4 and t1 + t2 ≥ d6, t1 + t3 ≥ d4
and t1 + t2 + t3 = d− a4. Therefore we have
r1 + d− a4 < r1 + r1 + r2 + r3 = d6 + d4 ≤ t1 + t1 + t2 + t3 = t1 + d− a4
and so r1 < t1 which is a contradiction. Hence x2(u/x1) ∈ I.
Case 3: ri < si for i = 2, 3, 4. Without loss of generality, we assume that x4(u/x1) /∈ I.
Then we have r1 + r2 = d6 or r1 + r3 = d4. Also, we assume that x3(u/x1) /∈ I. Therefore
we have r1 + r2 = d6 or r1 + r4 = d5. Now, we claim that x2(u/x1) ∈ I. In order to prove
the claim, we assume by contrary that x2(u/x1) /∈ I. The monomial x2(u/x1) satisfies in
all inequalities except (5), (6) and (7). If r1+r3 > d4, r1+r4 > d5 and r1+r3+r4 > d−a2,
then x2(u/x1) ∈ I because all inequalities hold. If x2(u/x1) /∈ I, then we have r1+r3 = d4
or r1 + r4 = d5. Thus we can consider the following cases:
(A) r1 + r3 = d4 and r1 + r4 = d5,
(B) r1 + r3 = d4 and r1 + r2 = d6,
(C) r1 + r4 = d4 and r1 + r2 = d6.
Case(A): Since r2 < s2 ≤ a2, then r1 + r3 + r4 > d − a2 and there exist z = x
t1
1 x
t3
3 x
t4
4 ∈
G(I : xa22 ) such that z|u : x
a2
2 and t1 + t3 ≥ d4, t1 + t4 ≥ d5 and t1 + t3 + t4 = d − a2.
Therefore we have
r1 + d− a2 < r1 + r1 + r3 + r4 = d6 + d5 ≤ t1 + t1 + t3 + t4 = t1 + d− a2
and so r1 < t1 which is a contradiction.
Case(B): By using a similar proof as in Case 2 we have x2(u/x1) ∈ I.
Case(C): This follows by a similar argument of Case(2) and Case(A). This completes
the proof. 
8
Theorem 1.20. Let I ⊆ R = K[x1, ..., xn] be a monomial ideal generated in degree d, and
suppose that I contains n − 3 pure powers of the variables, say xd1, ..., x
d
n−3. Then I is a
polymatroidal ideal if and only if I(p) has a linear resolution for all p ∈ P(R).
Proof. (=⇒) immediately follows by [9, Theorem 3.2].
(⇐=). Since for all p ∈ P(R) the ideal I(p) has a linear resolution, by Theorem 1.10 we
have I = pd11 ∩p
d2
2 ∩ ...∩p
dr
r , such that di = reg(I(pi)) = deg(I(pi)). Since x
d
1, ..., x
d
n−3 ∈ I,
then height(I) ≥ n− 3, and we have the following presentation:
I = (x1, ..., xn−3)
d1 ∩ (x1, ..., xn−3, xn−2)
d2 ∩ (x1, ..., xn−3, xn−1)
d3 ∩ (x1, ..., xn−3, xn)
d4
∩ (x1, ..., xn−3, xn−2, xn−1)
d5 ∩ (x1, ..., xn−3, xn−2, xn)
d6 ∩ (x1, ..., xn−3, xn−1, xn)
d7
∩md8 .
Since for all p ∈ P(R) the ideal I(p) has a linear resolution, then
I(p{n−2}) = (x1, ..., xn−3)
d1∩(x1, ..., xn−3, xn−1)
d3∩(x1, ..., xn−3, xn)
d4∩(x1, ..., xn−3, xn−1, xn)
d7 .
Therefore if (x1, ..., xn−3, xn−1, xn) ∈ Ass(R/I), then d7 = deg(I(p{n−2})) = d− an−2 oth-
erwise d7 = 0, similarly if (x1, ..., xn−3, xn−2, xn) ∈ Ass(R/I), then d6 = deg(I(p{n−1})) =
d−an−1 otherwise d6 = 0, if (x1, ..., xn−3, xn−2, xn−1) ∈ Ass(R/I), then d5 = deg(I(p{n})) =
d − an otherwise d5 = 0 and if m ∈ Ass(R/I), then d8 = d , otherwise d8 = 0. Note that
u = xr11 ...x
rn
n ∈ G(I) if and only if deg(u) = d and all of the following inequalities hold:
(1) r1 + ... + rn−3 ≥ d1 (5) r1 + ... + rn−3 + rn−2 + rn−1 ≥ d5
(2) r1 + ... + rn−3 + rn−2 ≥ d2 (6) r1 + ... + rn−3 + rn−2 + rn ≥ d6
(3) r1 + ... + rn−3 + rn−1 ≥ d3 (7) r1 + ... + rn−3 + rn−1 + rn ≥ d7
(4) r1 + ... + rn−3 + rn ≥ d4 (8)r1 + ... + rn−3 + rn−2 + rn−1 + rn = d.
Let u = xr11 ...x
rn
n , v = x
s1
1 ...x
sn
n ∈ G(I) with degxi(u) > degxi(v). We want to show that
there exists a variable xj such that degxj(u) < degxj(v) and xj(u/xi) ∈ I. There are two
main cases.
First case: Suppose that ri > si for some i = 1, ..., n − 3. Without loss of generality, we
assume that r1 > s1. If there exists rj < sj for some j = 2, ..., n − 3, then xj(u/x1) ∈ I
since none of the left-hand sides of the inequalities above change, and so we have the
result. Hence we assume that rj ≥ sj for all 2 ≤ j ≤ n− 3. Since u and v have the same
degree, there exists some rj < sj with n−2 ≤ j ≤ n. So we have the following three cases.
Case 1: If rn−2 < sn−2, rn−1 ≥ sn−1 and rn ≥ sn, then xn−2(u/x1) satisfies in all
inequalities except (3), (4) and (7). If r1 + ...+ rn−3 + rn−1 > d3, r1 + ...+ rn−3 + rn > d4
and r1 + ...+ rn−3 + rn−1 + rn > d7, then xn−2(u/x1) ∈ I since none of the left-hand sides
of the inequalities above change. If r1 + ... + rn−3 + rn−1 6> d3, then
r1 + ... + rn−3 + rn−1 = d3 ≤ s1 + ... + sn−3 + sn−1
and this is a contradiction because by our hypothesis r1 > s1, rj ≥ sj for j = 2, ..., n − 3
and rn−1 ≥ sn−1. Similarly r1 + ... + rn−3 + rn > d4 and r1 + ... + rn−3 + rn−1 + rn > d7
and so xn−2(u/x1) ∈ I.
Case 2: Suppose rn−2 < sn−2, rn−1 < sn−1 and rn ≥ sn. Without loss of generality,
we assume that xn−1(u/x1) /∈ I. Now, we claim that xn−2(u/x1) ∈ I. If rn = an, then
w = u : xann = x
r1
1 x
r2
2 ... x
rn−1
n−1 ∈ G(I : x
an
n ). Since v : x
an
n = x
s1
1 x
s2
2 ... x
sn−1
n−1 ∈ I : x
an
n ,
there exists z = xt11 x
t2
2 ... x
tn−1
n−1 ∈ G(I : x
an
n ) such that z|v : x
an
n . By Theorem 1.18,
I : xann is polymatroidal. Since r1 > s1 ≥ t1, deg(z) = deg(w) and xn−1(u/x1) /∈ I then
we have xn−2(w/x1) ∈ I : x
an
n and so xn−2(u/x1) ∈ I. Thus we assume that rn < an
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and we want to prove the claim. Since xn−1(u/x1) satisfies in all inequalities except
(2), (4) and (6), we have r1 + ... + rn−3 + rn−2 = d2 or r1 + ... + rn−3 + rn = d4 or
r1 + ... + rn−3 + rn−2 + rn = d− an−1. If r1 + ... + rn−2 + rn 6> d4, then
r1 + ... + rn−3 + rn = d4 ≤ s1 + ... + sn−3 + sn
and this is a contradiction because by our hypothesis r1 > s1, rj ≥ sj for j = 2, ..., n − 3
and rn ≥ sn. If r1 + ... + rn−3 + rn−2 + rn = d − an−1, then rn−1 = an−1 ≥ sn−1
and this is a contradiction with rn−1 < sn−1. Therefore if xn−1(u/x1) /∈ I we have
r1 + ... + rn−3 + rn−2 = d2. In order to prove the claim, we assume by contrary that
xn−2(u/x1) /∈ I. The monomial xn−2(u/x1) satisfies in all inequalities except (3), (4) and
(7). If r1+...+rn−3+rn−1 > d3, r1+...+rn−3+rn > d4 and r1+...+rn−3+rn−1+rn > d7,
then xn−2(u/x1) ∈ I because all inequalities hold. Since r1 > s1, rj ≥ sj for j = 2, ..., n−3
and rn ≥ sn then r1+...+rn−3+rn > s1+...+sn−3+sn ≥ d4. If r1+...+rn−3+rn−1+rn =
d− an−2, then rn−2 = an−2 ≥ sn−2 and this is a contradiction. Hence if xn−2(u/x1) /∈ I,
we have r1 + ... + rn−3 + rn−1 = d3. Since u : x
an
n = x
r1
1 x
r2
2 ... x
rn−1
n−1 ∈ I, there exists
z = xt11 x
t2
2 ... x
tn−1
n−1 ∈ G(I : x
an
n ) such that z|u : x
an
n and t1 + ... + tn−3 + tn−2 ≥ d2,
t1 + ... + tn−3 + tn−1 ≥ d3 and t1 + ... + tn−3 + tn−2 + tn−1 = d− an. Therefore we have
r1 + ... + rn−3 + d− an < r1 + ... + rn−3 + r1 + ... + rn−3 + rn−2 + rn−1
= d2 + d3
≤ t1 + ... + tn−3 + t1 + ... + tn−3 + tn−2 + tn−1
= t1 + ... + tn−3 + d− an.
Thus r1 + ... + rn−3 < t1 + ... + tn−3 and this is a contradiction. Thus xn−2(u/x1) ∈ I.
Case 3: Suppose ri < si for i = n − 2, n − 1, n. Without loss of generality, we assume
that xn(u/x1) /∈ I then we have r1 + ... + rn−3 + rn−2 = d2 or r1 + ... + rn−3 + rn−1 =
d3. Also we assume that xn−1(u/x1) /∈ I then we have r1 + ... + rn−3 + rn−2 = d2 or
r1 + ...+ rn−3 + rn = d4. Now we claim that xn−2(u/x1) ∈ I. In order to prove the claim,
we assume by contrary that xn−2(u/x1) /∈ I. The monomial xn−2(u/x1) satisfies in all
inequalities except (3), (4) and (7). If r1 + ...+ rn−3 + rn−1 > d3, r1 + ...+ rn−3 + rn > d4,
then xn−2(u/x1) ∈ I because all inequalities hold. Hence if xn−2(u/x1) /∈ I, we have
r1 + ... + rn−3 + rn−1 = d3 or r1 + ... + rn−3 + rn = d4. Now we consider the following
cases:
(A) r1 + ... + rn−3 + rn−1 = d3 and r1 + ... + rn−3 + rn = d4,
(B) r1 + ... + rn−3 + rn−1 = d3 and r1 + ... + rn−3 + rn−2 = d2,
(C) r1 + ... + rn−3 + rn = d4 and r1 + ... + rn−3 + rn−2 = d2 .
(A): Since rn−2 < sn−2 ≤ an−2, then r1 + ...+ rn−3 + rn−1 + rn > d−an−2 and there exist
z = xt11 ... x
tn−3
n−3 x
tn−1
n−1 x
tn
n ∈ G(I : x
an−2
n−2 ) such that z|u : x
an2
n−2 and t1+ ...+ tn−3+ tn−1 ≥ d3,
t1 + ... + tn−3 + tn ≥ d4 and t1 + ... + tn−3 + tn−1 + tn = d− an−2. Thus we have
r1 + ... + rn−3 + d− an−2 < r1 + ... + rn−3 + r1 + ... + rn−3 + rn−1 + rn
= d3 + d4
≤ t1 + ... + tn−3 + t1 + ... + tn−3 + tn−1 + tn
= t1 + ... + tn−3 + d− an−2.
Thus r1 + ... + rn−3 < t1 + ... + tn−3 and this is a contradiction. Hence xn−2(u/x1) ∈ I.
(B): By similar proof as in the Case 2, we have xn−2(u/x1) ∈ I.
(C): This follows by a similar argument of the Case 2 and the part (A).
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Second case: Consider ri > si for some i = n− 2, n− 1, n. Without loss of generality,
we assume that rn−2 > sn−2. If there exists rj < sj for some j = 1, ..., n − 3, then
xj(u/xn−1) ∈ I. Since none of the left-hand sides of the inequalities above change we have
the result. Otherwise, we have rj ≥ sj for all j = 1, ..., n − 3. Since u and v have the
same degree, there exists some rj < sj with n− 1 ≤ j ≤ n. Without loss of generality, we
assume that rn−1 > sn−1. The monomial xn−1(u/xn−2) satisfies in all inequalities except
(2). If r1+ ...+ rn−3+ rn−2 > d2, then xn−1(u/xn−2) ∈ I, since none of the left-hand sides
of the inequalities above change. If r1 + ... + rn−3 + rn−2 6> d2, then
r1 + ... + rn−3 + rn−2 = d2 ≤ s1 + ... + sn−3 + sn−2
which is a contradiction because by our hypothesis rn−2 ≥ sn−2 and rj ≥ sj for j =
2, ..., n − 3. This completes the proof. 
Sturmfels in [13] by an example showed that there exists a monomial ideal I gener-
ated in degree 3 such that I has a linear resolution, while I2 has no linear resolution (see
also [2]). After that Herzog, Hibi and Zheng [8] proved that a monomial ideal I gener-
ated in degree 2 has a linear resolution if and only if each power of I has a linear resolution.
Thus the following natural question arises:
Question 1.21. Let I be a monomial ideal of R generated in degree d. If Ii has a linear
resolution for all i = 1, 2, ..., d− 1, then is it always true that Ii has a linear resolution for
all i?
By the following example we give a counterexample for Question 1.21.
Example 1.22. Let R = K[a, b, c, d, e, f, g] be the polynomial ring over a field K and
I = (ace, acf, acg, ade, bcd, bfg, cde, cdf, cdg, cef, ceg, cfg, def, deg, dfg, efg)
be a monomial ideal of R. By using Macaulay2 [5], we have reg(I) = 3, reg(I2) = 6 but
reg(I3) = 10. Thus I and I2 have a linear resolution, while I3 has no a linear resolution.
Conca and Herzog in [3] proved that if I and J are two polymatroidal monomial ideals
of R, then IJ is polymatroidal.
It is natural to ask the following question:
Question 1.23. If I and J are two monomial ideal of R such that IJ is polymatroidal,
then is it always true that I and J are polymatroidal?
In the sequel we give two counterexamples for Question 1.23.
Example 1.24. Let R = K[x1, x2] be the polynomial ring over a field K, I = (x1, x2)
and J = (x21, x
2
2). Then IJ is polymatroidal while J is not polymatroidal.
Example 1.25. Let R = K[x1, x2, x3] be the polynomial ring over a field K, I =
(x21, x
2
2, x1x3, x2x3) and J = (x
2
1, x
2
3, x1x2, x2x3). Then IJ is polymatroidal while I and J
are not polymatroidal.
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